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It was recently suggested that the cosmological constant problem as viewed in a non-perturbative
framework is intimately connected to the choice of time and a physical Hamiltonian. We develop
this idea further by calculating the non-perturbative vacuum energy density as a function of the cos-
mological constant with multiple choices of time. We also include a spatial curvature of the universe
and generalize this calculation beyond cosmology at a classical level. We show that vacuum energy
density depends on the choice of time, and in almost all time gauges, is a non-linear function of the
cosmological constant. This non-linear relation is a calculation for the vacuum energy density given
some arbitrary value of the cosmological constant. Hence, in this non-perturbative framework, the
cosmological constant problem does not arise. We also discuss why the conventional cosmological
constant problem is not well-posed, and formulate and answer the question: “Does vacuum gravi-
tate?” Finally, we give a derivation of reduction to quantum mechanics on a flat background from
a non-perturbative gravity-matter theory.
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2I. INTRODUCTION
The cosmological constant problem has been described as one of the greatest crises in modern physics. On the
one hand, the cosmological constant appears in General Relativity as a parameter and explains the current observed
expansion of our Universe, whose value is close to zero. On the other hand, a calculation from Quantum Field Theory
(QFT) shows the vacuum energy density to be very large. Then, assuming a connection between General Relativity
and QFT, which equates vacuum energy density to the cosmological constant, leads to the problem that the observed
value of the cosmological constant is off from its theoretical prediction by 120 orders of magnitude.
The conventional cosmological constant problem arises by assuming that quantum matter, in its vacuum state,
will lead to a backreaction on the background geometry. From a non-perturbative perspective however, gravity and
matter form a whole, and should both be quantized (instead of fixing a background apriori). In this non-perturbative
framework, a ‘matter-vacuum’ does not exist in general, therefore the question of backreaction of some matter-vacuum
becomes ill-posed. What is relevant instead is a vacuum of the full gravity-matter system, which is computed using
some given value of the cosmological constant. Therefore, from a non-perturbative perspective, the conventional
problem does not arise.
In [1] it was argued that the assumed connection between General Relativity and QFT (on a fixed background)
is suspect and we should really look at the cosmological constant problem in a full non-perturbative gravity-matter
theory. The basic idea is that to define a vacuum energy density, a physical Hamiltonian is needed, which comes after
identifying a time. Hence the notion of time, vacuum energy and the cosmological constant are intimately connected.
There, they considered a spatially flat FRW universe with a massive scalar field, chose volume of the Universe as
time, and quantized the resultant Hamiltonian using usual Schrodinger quantization.
In this paper, we extend the results of [1] to look at the effects of different choices of time (other than volume time)
within the cosmological sector. We include a non-zero spatial curvature of the universe and also perform a Fermionic
quantization of the resultant Hamiltonian. We also calculate the energy density in the full theory (without reducing
to cosmology) at a classical level with three different choices of time. Finally, we show a new way of reducing to
quantum mechanics on flat space from the full theory. We find that the generic conclusions in [1] still remain valid:
(i) The cosmological constant problem is consistently formulated only in a non-perturbative gravity-matter theory.
(ii) Vacuum is sensibly defined after one has a physical Hamiltonian, which comes after choosing a particular time.
Different choices of time lead to different physical Hamiltonians (and hence different quantum theories), which lead to
different vacuum energy densities. (iii) Vacuum energy density is, in general, a non-linear function of the cosmological
constant and time. (iv) In this non-perturbative framework, the vacuum energy density (of the full gravity-matter
system) is calculated using a given value of the cosmological constant, hence, the cosmological constant problem does
not arise.
This paper is organized as follows: In sections II-V, we explain the problem, and give the background and setup
for our calculations. Sections VI-IX then present the detailed calculations. In Sec. II, we look at six versions of the
cosmological constant problem. In Sec. III we take a look at the problem of time in quantum gravity and define what
is a physical Hamiltonian; the starting point for all our calculations. In Sec. IV we take a close look at the meaning of
vacuum in a non-perturbative theory of gravity and matter. In Sec. V we formulate and answer the question: “Does
vacuum gravitate?” In Sec. VI, we look at the relation between vacuum energy density and the cosmological constant
at the classical level in three different time gauges: (i) scalar field time, (ii) York time and (iii) dust time. In Sec. VII,
we reduce to an FRW Universe from the full theory and to homogeneous fields on this background. Choosing volume
of the universe as time, we explore the resulting quantum theory by extending the results of [1] to include a non-zero
spatial curvature of the universe and also perform a Fermionic quantization of the Hamiltonian. Then, we consider
three other time gauges: (i) scale factor time, (ii) scalar field time and (iii) dust time in the cosmological context and
quantize the resultant physical Hamiltonians where possible. Vacuum energy density (as a function of Λ) is calculated
in all of these gauges. In Sec. VIII we look at the effect of including inhomogeneities in the homogeneous sector. We
give a sketch of derivation for the full cosmological perturbations case, and explicitly calculate the vacuum energy
density in scale factor time, for a simple model. In Sec. IX, we present a new way to reduce to quantum mechanics
on flat space from our non-perturbative formalism. We present our conclusions in Sec. X, and give a summary and
some discussion in Sec. XI. (We work in G = c = ~ = 1 units.)
II. WHAT IS THE COSMOLOGICAL CONSTANT PROBLEM?
The conventional formulation of the cosmological constant problem is in the context of quantum fields on a fixed
background [2]. There are different ways of formulating the problem and there are also some other types of “cosmo-
logical constant problems”. In what follows, we briefly review six types of the problem. The starting point is Einstein
3Field Equations (EFEs),
Gµν + Λgµν = 8piTµν , (1)
or, in a form where the cosmological constant appears as some sort of a stress-energy tensor,
Gµν = 8pi
(
Tµν − Λ
8pi
gµν
)
. (2)
It is also useful to mention here that the observed value of the cosmological constant is [3],
Λobs ∼ 3× 10−122l−2P , (3)
where lP is the Planck length. For reviews of this problem in various forms, see [2, 4–9].
A. A classical problem: Shift symmetry
A first type of the cosmological constant problem is inherently classical without any reference to quantum fields. It
goes as follows [9].
The matter equations of motion are invariant under a constant shift of the Lagrangian: L(Φ, gµν)→ L(Φ, gµν) +C
(here Φ denotes all the matter degrees of freedom.) If we now couple this Lagrangian to General Relativity, we get,
S =
∫
d4x
√−g
[(
L(Φ, gµν) + C
)
+
1
16pi
R
]
. (4)
It is then clear that the matter equations of motion remain unchanged under this constant shift but the gravitational
equations of motion change by the term
√−gC. Hence a symmetry of the matter sector has been broken by coupling
it to gravity. The above action can be re-written as
S =
∫
d4x
√−g
[
L(Φ, gµν) + 1
16pi
(
R− 2Λ
)]
, (5)
where we have defined Λ = −8piC, making it clear that the constant shift can be interpreted as a cosmological
constant.1 The problem here is that one can introduce an arbitrary shift in the matter Lagrangian (without affecting
matter dynamics) which would then either introduce a cosmological constant (if a bare one is not already included),
or it would change its numerical value. This leads to an infinite range of cosmological constants (by changing C),
only one of which describes our universe.
B. Another (pseudo) classical problem: Arbitrariness and fine-tuning
Another version of the argument at the classical level goes as follows [6]. The energy-momentum tensor of a scalar
field in an arbitrary potential is,
Tµν =
1
2
∂µφ∂νφ+
1
2
∂αφ∂αφgµν − V (φ)gµν . (6)
The lowest energy state (or vacuum) of this system will be when there is zero kinetic energy i.e. ∂µφ = 0, and the
field is in its potential minimum φ = φ0. This gives,
T vacµν = −V (φ0)gµν . (7)
Comparing this with (2), the cosmological constant term looks like a vacuum energy term (This is the origin of the
idea that the cosmological constant is the vacuum energy [6].) Hence, we can associate the cosmological constant with
this ground state (vacuum) energy as:
V (φ0) =
Λ
8pi
. (8)
1 One can also have a bare cosmological constant and a shift in the matter Lagrangian, but the physics will only depend on the sum of
these two.
4The problem is stated as follows: The observed cosmological constant is immensely small (in Planck units).2 There is
no apriori reason for the minimum of the potential to be so small. Therefore, why is it so small? This is a naturalness
issue which is discussed further below.
This same argument can be turned into a fine tuning issue by saying that the cosmological constant appearing in
EFEs is a bare cosmological constant (Λ0), and it can have any value. The observed cosmological constant is then,
the sum of the two contributions,
Λobs = Λ0 + 8piV (φ0). (9)
Now, once again, since Λobs is so small, Λ0 and V (φ0) must be precisely fine-tuned so that they cancel out each other
to 122 decimal places (in Planck units).
C. The naive quantum problem
We now look at the quantum problem. It is usually understood as a failure of theoretical prediction of the value of
the cosmological constant coming from quantum field theory on a fixed background, versus the observed cosmological
constant [2, 6]. A rough sketch of the argument goes as follows: a quantum field theory calculation on a (Ricci)-flat
background gives the vacuum energy density
〈ρˆvac〉 =
∫ K
0
d3k
(2pi)3
k =
K4
8pi2
, (10)
where K is some high energy cutoff scale.
In General Relativity, all energy gravitates (not just energy differences), leading to the conclusion that vacuum
energy must gravitate as well. By making this statement, we have already assumed a connection between classical
general relativity and quantum field theory which is usually expressed as the semiclassical Einstein field equations
Gµν + Λgµν = 8pi〈ψ|T̂µν |ψ〉, (11)
where |ψ〉 is some suitable (but arbitrary) semiclassical state.
Evaluating these equations perturbatively around a flat (Minkowski) background ηµν , with a known vacuum state
|0〉, a matter stress energy tensor T̂µν evaluated on this (Minkowski) background, and applying the above argument
leads to the fact that at first order we have,
Ληµν = 8pi〈0|T̂µν |0〉 = 8pi〈ρˆvac〉ηµν ∼ K4ηµν . (12)
Assuming a Planck scale cutoff for K leads to the cosmological constant problem since the observed value of Λ (3) is
vastly smaller than the predicted value,
Λ ∼ 0.3 l−2P . (13)
This huge contradiction of 120 orders of magnitude arises due to calculating the same quantity in two different ways:
one is through fitting observations of the universe (at the largest scales) to General Relativity (3), and the other is a
calculation (at the smallest scales) from QFT on a fixed background (13).
D. The refined quantum problem
It has been argued that the above argument is misleading and the real problem is radiative corrections [7]. To make
it concrete, consider a massive scalar field minimally coupled to classical gravity with a λφ4 self interaction,
L = −1
2
gµν∂µφ∂νφ− 1
2
m2φ2 − λφ4. (14)
2 This is where an input from quantum theory is required: namely the comparison in Planck units. Purely classically, the Planck scale
is not relevant. This is the only quantum input we require in this sub-section, everything else is classical and no reference is made to
quantum fields.
51-loop vacuum diagram 2-loops vacuum diagram
FIG. 1. Vacuum bubble diagrams at 1-loop and 2-loops.
To calculate the vacuum energy in this formalism, we have to use perturbation theory (on some fixed background).
The first contribution is at 1-loop (This is the scalar field loop with no external legs (figure 1). Recall that these are
just the vacuum bubble diagrams which cancel out in the n-point functions in field theory with gravity turned off.
With gravity however, they contribute to the cosmological constant term).
At 1-loop we get,
V 1−loopvac ∼ −
m4
(8pi)2
[
2

+ log
(
µ2
m2
)
+ finite
]
. (15)
To cancel off this divergent contribution, one has to add to the bare cosmological constant a counterterm given as,
Λ1−loop ∼ m
4
(8pi)2
[
2

+ log
(
µ2
M2
)]
, (16)
where M is some arbitrary subtraction scale. This means that the value of the renormalized cosmological constant
cannot be predicted, but has to be measured. This is just the usual field theoretic renormalization procedure, we
cancel off the vacuum energy divergence with a suitable counterterm and are left with something finite.
The problem begins when we go to 2-loops. This is the eight figure with no external legs (figure 1). We get a
contribution that goes as λm4. This is the same order of magnitude as the divergent term at 1-loop (For the Higgs
boson for example, λ ∼ 0.1). Therefore, we need to readjust the counterterm we added before at 1-loop to account
for this as well. This is a retuning. But we can continue this to higher orders: 3-loops, 4-loops, and so on, requiring
retuning at each successive order. And at each order, we have to fine-tune it to extreme accuracy. This is radiative
instability and means that the cosmological constant is highly sensitive to high energy physics (physics which we do
not know). This is another version of the problem.
A seemingly simple solution would be to sum the loops to all orders and then add the counter term. But the details
of the loops are theory dependent and it is almost impossible, perturbatively at least, to do this to all orders.3 It
seems that what is needed is a non-perturbative analysis of the situation, in the full gravity-matter theory.
E. An effective argument
Another way of looking at the cosmological constant problem is through the effective action [7, 8]. It goes as
follows: To describe the physics below a certain energy scale µ, we take some “fundamental” (microscopic) action and
integrate out the modes with energies higher than µ. The basic point is that physics depends on the energy scale at
which you look at the system.
Consider then a field theory in which we split the field (in Fourier space) into high energy and low energy modes,
φ = φl + φh, (17)
where the modes φh lie above the energy scale µ. The theory at energy scales below µ is then given by an effective
action where we have integrated out φh,
exp(iSeff[φl]) =
∫
Dφh exp(iS[φh, φl]), (18)
3 See [10] for a case where an all loop analysis is done for the Gross-Neveu model. Note that it still does not include gravity as fully
dynamical since they use the framework of semiclassical EFEs.
6S[φh, φl] is the microscopic action and Seff[φl] is the action valid at scales below µ.
Now, if we compute the vacuum energy using this effective action (it is important to note here that this is a
calculation done on a fixed background), we expect it to be of the order of µ4, which can be large. In order to
cancel this large contribution to get the actual (small) observed value of the cosmological constant, we need to add a
cosmological counter term of the order of µ4.
But the mass scale µ is quite arbitrary. What happens if we integrate out a few more modes to get an effective
action at a lower mass scale µ˜ < µ? We expect that any physics should not depend on the mass scale since it is just
an arbitrary parameter. However, by the same argument as above, we expect the vacuum energy to be of the order
of µ˜4, so to cancel that, we have to add a cosmological counterterm of the order of µ˜4. But previously, we already
fixed this counter term to be of order µ4. We have to change it again i.e we have to retune it. But we can repeat the
above argument again and again for any arbitrary mass scale, implying that we would have to retune this counter
term again and again. This is the effective description of the problem. The tuning should not be sensitive to what
low energy action we choose to do physics with.
F. Naturalness issues
Underlying some of the above versions of the problem is another issue known as naturalness. This is not a seperate
type of a cosmological constant problem, rather an additional question. The question is: why is the observed value
of the cosmological constant so small compared to other scales that we know of. For an interesting solution (where it
is suggested that a new physical principle is needed to answer this question) see [9, 11].
G. What will we address?
Questions are posed and answered in a framework. The central feature of all the quantum versions of the cosmo-
logical constant problem stated above is the framework in which they are posed: quantum field theory on a fixed
background, coupled in some way to general relativity (usually through the semiclassical Einstein Field Equations).
Our point of view in this paper is that this is not the appropriate framework to address the cosmological constant
problem. To quote Earman [12],
“Rather than concluding that there is a“cosmological constant problem,” one might alternatively conclude that there
is something suspect either in the very the notion of vacuum energy density or else in the notion that this energy can
serve as a source for the gravitational field.”
Following [1], we think that “there is something suspect in the very notion of vacuum energy density”, as it is
usually understood in QFT on a fixed background.4 Our approach here is to start from a fully non-perturbative
gravity-matter theory (note that this is a different framework from QFT on flat space) and see if the cosmological
constant problem (or a related one) arises there. We will not address the naturalness issue in this work with the view
that Λ should be determined by observations, as constants in a theory usually are.5 We now proceed to define our
framework in the next section.
III. THE PROBLEM OF TIME AND A PHYSICAL HAMILTONIAN
Our starting point is the ADM action for general relativity minimally coupled to a massive scalar field,
S =
∫
d3xdt[piabq˙ab + P˜φφ˙−N(HG +Hφ)−Na(CGa + Cφa )], (19)
4 There are discussions on the other part of the quote above as well, that whether vacuum energy can serve as a source for gravity. See
for example [13] for a discussion on the ‘reality’ of zero point energy as established through the Casimir effect.
5 For a view on naturalness issues that we agree with, see [14].
7where,
HG = 1√
q
(
piabpiab − 1
2
pi2
)
+
√
q(Λ−R),
Hφ = P˜φ
2
2
√
q
+
1
2
√
qqab∂aφ∂bφ+
1
2
√
qm2φ2, (20)
CGa = Dbpi
b
a,
Cφa = P˜φ∂aφ, (21)
(piab, qab) and (φ, P˜φ) are the gravitational and scalar field phase space variables respectively. q is the determinant of
the spatial metric qab, pi is the trace of pi
ab, R is the 3-Ricci scalar curvature, Λ is the cosmological constant, N is the
shift, Na is the lapse and m is the scalar field mass.
General relativity is a constrained theory, i.e. the Hamiltonian vanishes: HG = 0. This constraint just reflects the
time reparametrization invariance of general relativity.6 This leads to the (yet unsolved) problem of time in quantum
gravity [15]. We remark on two ways to proceed from here to a quantum theory:
1. Start with the Hamiltonian constraint of GR and impose that the action of its corresponding quantum operator
on all states in the Hilbert space must be zero. This leads to the Wheeler-deWitt equation:
ĤG|Ψ〉 = 0, (22)
with the matter Hamiltonian included as well, this becomes,(
ĤG + ĤM
)
|Ψ〉 = 0. (23)
2. Do a time gauge fixing (classically) to get a physical Hamiltonian.7 This proceeds as follows:
• Identify a time function from the full phase space variables:
t = f(phase space variables). (24)
Since there is no preferred notion of time, this is quite arbitrary and the only requirement is that (in Dirac’s
terminology) it should be second class with the Hamiltonian constraint: {t,H} 6≈ 0.
• Let the momentum conjugate to this time function be pt: {t, pt} = 1.
• Solve the Hamiltonian constraint strongly for pt. This is the non-vanishing physical Hamiltonian corresponding
to the specific time choice (24),
Hp = −pt. (25)
• Note that solving the Hamiltonian constraint strongly means that we have now gone from the full 14-dimensional
phase space (12-gravity and 2-scalar field) to a partially reduced 12-dimensional physical phase space.8 Two
of the (phase space) degrees of freedom have vanished since they are now our time function and the physical
Hamiltonian.
• The requirement that the chosen gauge is preserved in time fixes the lapse:
t˙ = 1⇒ {t,H} =
{
t,
∫
d3x NH
}
= 1. (26)
6 Along with the diffeomorphism constraint which shows space reparametrization invariance, these four constraint equations are manifes-
tations of the full diffeomorphism invariance of GR.
7 We will call this the physical Hamiltonian approach. It is also known as the reduced phase space approach; and deparametrization.
8 It is partial since we have not solved the diffeomorphism constraint. Solving it would further reduce the phase space to 12− (2× 3) = 6
dimensions: 4-gravity and 2-scalar field, which in configuration space corresponds to the usual 2 degrees of freedom for gravity, and 1
for the scalar field.
8Once we have a physical Hamiltonian, we can go ahead and quantize it. This is the approach that we will follow in
this paper. Note that different choices of time will lead to different physical Hamiltonians and it is not clear whether
the resulting quantum theories are equivalent in any sense.9
A comment on the meaning of this physical Hamiltonian framework: within the framework of general relativity plus
matter (where coordinate time has no physical relevance), we are identifying some quantities (phase space variables)
that can serve as physical clocks. So suppose we have a scalar field φ, and the spatial metric qab. Einstein’s equations
give the evolution of these quantities with respect to coordinate time. In this time-gauge fixed formalism however,
we ask a different question: How do one of these quantities evolve with respect to the other one. For instance if we
choose scalar field as time, then we ask how do all the other quantities like the spatial metric qab, or any other matter
fields, evolve with respect to φ. That is what is the value qab takes, when φ = 1, 2, 10 etc. This is by construction,
a gauge-invariant question, and has a well defined physical meaning. If we were to choose a different phase space
variable as time, then the evolution of the remaining quantities, would in general look different (see also footnote 9).
Given that there is no preferred phase space variable to be used as time, this is just the (yet unsolved) problem of
time. But each of the time choices that we make constitutes a well defined physical question: how do the rest of the
phase space variables (in particular, the vacuum energy density) change in relation to this particular variable that we
identify as time.
Now that our framework is defined, we will apply it to different choices of time and find the corresponding physical
Hamiltonian. We can then calculate the vacuum energy density with each of those Hamiltonians. But before that, we
need to define what we mean by a ‘vacuum’. This also leads to the question: ‘Does vacuum gravitate?’. We proceed
to define a ‘vacuum’ in the next section, and will return to formulate and answer this question in the subsequent
section.
IV. WHAT IS A VACUUM?
This section will provide an answer to the question ‘what is a vacuum?’ within the context of quantum theory,
with the purpose in mind to formulate and answer the question ‘does vacuum gravitate?’. Since we want to treat
the gravity-matter system as a whole, we will consider two different vacua: vacuum of the full gravity-matter system
(called ‘vacuum’ from now on), and vacuum of the matter sub-system within the gravity-matter system (called
‘matter-vacuum’). We will first formally define both of these vacua, and then, will see if they are possible to define
for two different approaches: The Wheeler-deWitt approach, and the Physical Hamiltonian approach, outlined in the
previous section.
For any quantum system, the standard definition of vacuum comes after identifying a Hamiltonian Ĥ of that
particular system. So the first step is to find out (or write down) what is the Hamiltonian. Once this is done, the
quantum vacuum state |0〉 of that system is most naturally defined as the lowest energy eigenstate of that particular
Hamiltonian,
Ĥ|0〉 = E0|0〉, (27)
where E0 is the lowest possible eigenvalue. This is what is meant by a vacuum in usual quantum theory.
10 Given a
gravity-matter system with a Hamiltonian Ĥ(gˆ, Φˆ) (where gˆ denotes all the gravitational degrees of freedom, and Φˆ
all the matter ones), its quantum vacuum state will then be given by (27) as,
Ĥ(gˆ, Φˆ)|0〉 = E0|0〉. (28)
Now, let us proceed to formally define a matter-vacuum. Again, before we can define a matter-vacuum, we must
know what is the matter Hamiltonian ĤM . There are two problems in proceeding further:
(i) Within the full non-perturbative theory of gravity and matter, the matter part exists as a subsystem, and in
general, it may be that this subsystem is so mixed up with the gravity part, that it is not even possible to cleanly
identify what is the matter part and what is the gravity part. We will see below that this is indeed the case in general
for the physical Hamiltonian approach.
(ii) Since matter is coupled to gravity, the matter Hamiltonian ĤM will depend on the background metric g. This
raises the question of whether we want to keep the background dynamical (i.e quantize the background: gˆ); or do we
9 For instance, in [16] we find the statement: “A different choice of time, Hilbert space, unitarily in-equivalent commutation relations,
or operator ordering, for example, will lead to different canonical quantum theories.”
In the context of Loop Quantum Cosmology, it was shown in [17], that different choices of lapse can lead to significantly different
physical Hilbert spaces. For studies on how some physical predictions change by choosing a different time variable, see [18–20].
10 It is important to note here that this is the vacuum of the full physical system Hˆ, and not the vacuum of any particular subsystem (e.g,
matter) within that Hamiltonian.
9want to keep the background fixed (i.e have g), which is the arena for usual QFT on a fixed background.11 From the
fully non-pertubative approach in which both gravity and matter are dynamical, there is no apriori justification of
fixing a background, and it must be shown that there is some limit of the theory in which using a fixed background
makes sense. It is useful here to state a fundamental fact about General Relativity (and its quantum theory) [21]:
“Physics on a curved spacetime is not GR. GR is the dynamics of spacetime itself. So, quantum GR is the theory of
a quantum spacetime, not a quantum theory on various spacetimes.”
Suppose, for the sake of argument, that somehow we solve problem (i) above, then the matter-vacuum can be
defined as the lowest energy eigenstate of the matter Hamiltonian. But looking at (ii), we see that there will be two
possibilities, one where the background is dynamical (hat on g),
ĤM (gˆ, Φˆ)|0M 〉 = e0|0M 〉, (29)
and one where it is fixed (no hat on g),
ĤM (g, Φˆ)|0˜M 〉 = e˜0|0˜M 〉, (30)
which leads to different vacua: |0M 〉 lives in the full gravity-matter Hilbert space HQG, whereas |0˜M 〉 lives in the
matter Hilbert space HM .
Now that we have the definition of a matter-vacuum above, and a vacuum as in (28), we see if they can actually
be defined for General Relativity with matter for two different approaches.
A. Vacuum and matter-vacuum in the Wheeler-deWitt approach
Within the Wheeler-deWitt approach, we have the operator constraint (23),(
ĤG + ĤM
)
|Ψ〉 = 0.
This means that all physical states in the Hilbert space must satisfy this constraint, and hence all states are
eigenstates of the full Hamiltonian with the eigenvalue 0. This leads to an ambiguity in the notion of vacuum: all
physical states have the lowest energy of 0, and therefore all of them are vacua. Clearly this notion of vacuum is not
a very useful one.
Now, let us try to find a matter-vacuum in this approach. Since here, we have the notion of a matter Hamiltonian,
we can proceed to define the matter-vacuum, with gravity as a dynamical variable as in (29),
ĤM (gˆ, Φˆ)|0M 〉 = e0|0M 〉.
But this matter-vacuum state must also satisfy the Wheeler-deWitt equation,(
ĤG + ĤM
)
|0M 〉 = 0
⇒ ĤG|0M 〉 = −ĤM |0M 〉 = −e0|0M 〉, (31)
and hence, the matter-vacuum is also an eigenstate of the gravity sector. This however leads to,
[ĤM (gˆ, Φˆ), ĤG(gˆ)]|0M 〉 = 0 (32)
and in general, we do not expect the matter and the gravitational Hamiltonians to commute.12
Note that there still can be states for which the above equation holds since we are not implementing a representation
of the commutator of ĤM (gˆ, Φˆ) and ĤG(gˆ), since they are not the fundamental variables (those being gˆ, Φˆ and their
conjugates). But if there are such states, they will be highly special (in the sense that they would be eigenstates of
both the matter and the gravity sector). We are not aware of any such states in the literature. In the absence of
that, we can say that within the Wheeler-deWitt formalism, defining a matter-vacuum is highly non-trivial. Now let
us turn to the physical Hamiltonian approach, the formalism we use in this paper.
11 If we quantize the background gˆ, then we have to solve the Hilbert space problem: A Hilbert space requires some notion of a metric (to
compute inner products etc). Within the formalism of QFT on a fixed background, this metric is usually taken to be the background
spacetime metric. But this is no longer possible if the background is also quantized.
12 This is because the matter Hamiltonian depends on the background on which it is defined and hence contains gˆ in it. The gravity
Hamiltonian contains the variables pˆi which are canonically conjugate to gˆ: [gˆ, pˆi] 6= 0.
10
B. Vacuum and matter-vacuum in the Physical Hamiltonian approach
Within the physical Hamiltonian approach, we arrive at a non-vanishing physical Hamiltonian after fixing a time
gauge. This means that we can compute its spectrum, and find the lowest eigenvalue state. Therefore, in contrast
to the Wheeler-deWitt approach, it is possible here to find (in principle) the vacuum state of the full gravity-matter
system. This will be the approach we follow in this paper, we will consider the full vacuum of the theory (and not
just a matter-vacuum), obtained after fixing a time gauge and getting a physical Hamiltonian.
To complete the argument being made here, and to setup for the next section, let us now consider a matter-vacuum
in this approach. As we will see later, it turns out that the physical Hamiltonian is a non-linear function of gravity
and matter variables in almost all time gauges, and cannot be written as,13
Ĥp = ĤG + ĤM . (33)
This means that it is not possible to identify what is a matter Hamiltonian, and since we dont even know what it is,
it is not possible to compute its spectrum to get a matter-vacuum.
There is, however, a very special choice of time in which it is possible to write down the above equation. This is
the dust time gauge. (We will return to the details of this choice of time in sections (VI C) and (VII D)) We assume
that we are in this gauge. We can then define the matter-vacuum as in (29), and note that it is a state that lies in
the full Hilbert space HQG.
Now that we have defined what we mean by ‘vacuum’ (summarized in Table I), we proceed to formulate and answer
the question ‘does vacuum gravitate?’ in the next section.
What is a vacuum?
Type of vacuum Wheeler-deWitt approach Physical Hamiltonian approach
Full vacuum
|0QG〉 ∈ HQG
Ambiguous since all states are annihilated by
the Hamiltonian constraint operator.
Can be defined as,
Ĥp(gˆ, Φˆ)|0QG〉 = E0|0QG〉.
Matter vacuum on a dynam-
ical background (gˆ)
|0M 〉 ∈ HQG
Not known. Has to be a simultaneous eigen-
state of both ĤG(gˆ) and ĤM (gˆ, Φˆ).
Not possible in general. Can only be done in
the dust-time gauge,
ĤDTM (gˆ, Φˆ)|0M 〉 = E0|0M 〉.
Matter vacuum on a fixed
background (g)
|0˜M 〉 ∈ HM
A matter vacuum similar to the QFT vac-
uum can be defined using the matter Hamilto-
nian. However, the Wheeler-deWitt equation
still has to be solved. This is similar to the
semiclassical EFEs.
Not possible in general. Can only be done in
the dust-time gauge,
ĤDTM (g, Φˆ)|0˜M 〉 = E˜0|0˜M 〉.
TABLE I. A summary of section IV: ‘What is a vacuum?’
Does vacuum gravitate?
Type of vacuum Wheeler-deWitt approach Physical Hamiltonian approach
Full vacuum
|0QG〉 ∈ HQG
No notion of a unique vacuum state, therefore
this question cannot be addressed here.
Can calculate 〈0QG|R̂(gˆ, pˆi)|0QG〉, however,
the notion of gravitate is not clear in this
context since |0QG〉 is an eigenstate of the
full Hamiltonian Ĥp(gˆ, Φˆ), and lies in the full
Hilbert space HQG.
Matter vacuum on a dynam-
ical background (gˆ)
|0M 〉 ∈ HQG
Not known. If it exists, then one can calculate
〈0M |R̂(gˆ, pˆi)|0M 〉. The notion of gravitate is
not clear here, since |0M 〉 is also an eigenstate
of the gravitational Hamiltonian.
Only in the dust-time gauge, one can calculate
〈0M |R̂(gˆ, pˆi)|0M 〉. Not possible otherwise.
Matter vacuum on a fixed
background (g)
|0˜M 〉 ∈ HM
Gravitate is not well-defined here, since a
background has already been fixed, and there-
fore the curvature is also fixed.
Gravitate is not well-defined here, since a
background has already been fixed, and there-
fore the curvature is also fixed.
TABLE II. A summary of section V: ‘Does vacuum gravitate?’
13 The full Hamiltonian constraint is generally quadratic in momenta, and hence any time variable made out of fields, would lead to a
square root Hamiltonian.
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V. DOES VACUUM GRAVITATE?
A question that is often asked is ‘does vacuum gravitate?’ This question is understood to mean that if we take some
quantum matter which is in its vacuum state, how will it affect the geometry. Before answering this question, it is
useful to understand the meaning of vacuum (more specifically, what it means to say ‘quantum fields in their vacuum
state’). It is important to note here that in QFT (which does not include gravity), the vacuum state is background
dependent.14 As we saw in the previous section, it is non-trivial to define a vacuum within the full gravity-matter
theory. Moreover, this question arises from the assumption that there is a connection between flat/fixed background
quantum field theory and general relativity, given by the semiclassical EFEs,
Gµν + Λgµν = 8pi〈0M |T̂µν |0M 〉, (34)
where T̂µν is the quantized matter stress-energy tensor, and |0M 〉 is the ‘matter-vacuum’. One big problem with
this approach (among others, see §2.2A of [22], or [23] for instance), is that this matter-vacuum state is defined on
some fixed background metric (usually Minkowski). The very notion of a matter Hilbert space (and inner products)
requires the existence of some fixed metric. But in the EFEs, the spacetime metric is what we are solving for. A flat
background is thus a requirement to define the very equations we are solving for the background itself. This means
that the semiclassical EFEs alone are not a consistent set of equations for dealing non-perturbatively with the full
gravity-matter system.
It has been suggested that a final solution may only lie in a full non-perturbative theory of quantum gravity, which
as of now, we don’t know. However, an argument can be made just by considering some general assumptions about
a non-perturbative theory of quantum gravity.
Following from the previous section, there is only one case where the vacuum of the full gravity-matter theory can
be defined, which is the physical Hamiltonian approach. Let us call this vacuum |0QG〉. Now to answer the question
whether or not it ‘gravitates’, we need to understand what is meant by that term. The term ‘gravitate’ is usually
understood as ‘to curve spacetime’ i.e. given this vacuum state, how does it affect spacetime (how does it affect the
gravitational variables).
In this non-perturbative approach however, |0QG〉 is the vacuum of the full gravity and matter sector, and lives in
the full Hilbert space HQG. It is calculated using the dynamical gravitational variables, and hence the term gravitate
is meaningless here. One can presumably define the 4-Ricci scalar operator R̂(gˆ, pˆi) and calculate its expectation value
in this state: 〈0QG|R̂(gˆ, pˆi)|0QG〉, which would give some sort of an average geometrical curvature in this state, but
whatever it turns out to be, zero or non-zero, it is fully consistent in this non-perturbative theory. There is no such
thing as a ‘matter backreaction’ here, this approach already includes all ‘backreactions’ since it is non-perturbative,
and gravity is dynamical. Now let us try to answer the question whether the matter-vacuum gravitates.
A. Does matter-vacuum gravitate?
From the previous section, we know that it is not possible in general to define a matter-vacuum in either the
Wheeler-deWitt approach,15 or the physical Hamiltonian approach. Hence, the question of backreaction of a matter-
vacuum is not well-posed, since a matter-vacuum cannot even be identified. There is, however, one exception within
the physical Hamiltonian approach in which a matter-vacuum can be defined: the dust time gauge. For the purpose
of this section then, we assume that we are in this gauge. The results presented below will hold only in this time
gauge.16 The full physical Hamiltonian becomes: Ĥp = ĤG(gˆ) + ĤM (gˆ, Φˆ). There are two possibilities [(30) and (29)]
for the matter-vacuum state:
• Fix a background, which means that the gravitational degrees of freedom (g) are no longer dynamical. This
means that a matter-vacuum state lying purely in the matter Hilbert space (although still dependent on the
fixed background) can be defined. But once we have fixed the background, the curvature is also fixed. There is
no backreaction, by construction. Therefore the question ‘Does matter-vacuum curve spacetime?’ is meaningless
here. The notion that we calculate vacuum energy density on some fixed background and then find that it is huge
and hence should curve spacetime immensely is inconsistent here since we have already fixed a background and
no backreaction is allowed. To include backreaction, we have to go the full theory where gravity is dynamical.
14 In fact, it is coordinate dependent. Consider for instance the vastly different vacuum state obtained by doing a coordinate tranformation
in flat space from Minkowski to Rindler coordinates.
15 Suppose, for the sake of argument that a matter-vacuum state as in (31) can be defined. The meaning of the question ‘does matter-
vacuum gravitate’, is not clear here since the matter vacuum is also simultaneously an eigenstate of the gravity Hamiltonian. In general,
this matter-vacuum state will depend on the dynamical gravitational degrees of freedom, and hence is distinct from the matter-vacuum
state of QFT on a fixed background. One could still calculate an expectation value of the 4-Ricci scalar in this state, which would
provide (fully consistently, without worrying about any ‘back-reactions’) a measure of spacetime curvature in this state.
16 Or any other time gauge which allows (33) to hold. To date, dust time gauge is the only one known which does this.
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• Instead of fixing the background, find the lowest energy eigenstate of the matter Hamiltonian ĤM (gˆ, Φˆ) (which
would lie in the full Hilbert space) and call that the matter-vacuum, i.e |0M 〉 ∈ HQG. It is important here to
note the distinction, that this is a “matter” vacuum state which lies in the full Hilbert space and also depends
on the dynamical gravitational degrees of freedom gˆ. This vacuum is quite different from the QFT vacuum on
a fixed background. Furthermore, this matter-vacuum state will be, in general, distinct from the vacuum state
|0QG〉 of the full theory which satisfies,
Ĥp|0QG〉 =
(
ĤG(gˆ) + ĤM (gˆ, Φˆ)
)
|0QG〉 = E0|0QG〉, (35)
therefore we can call it a matter-vacuum.
Now that we have this state, we can compute the curvature of spacetime by taking an average of the 4-Ricci
scalar in this state: 〈0M |R̂(gˆ, pˆi)|0M 〉 (Or the Riemann tensor in general, or any other natural object to measure
curvature). This calculation would then be an answer to the question whether the matter-vacuum gravitates.
Note that as mentioned earlier, this calculation can only be done in the dust time gauge.
(A summary of this section can be found in Table II.) Our approach here will be to choose a time function on
the classical phase space, reduce to a physical Hamiltonian (for the full non-perturbative matter-gravity) system
and then define the vacuum as the ground state of this full system (and not just a matter-vacuum). This is a fully
non-perturbative formalism, in which both gravity and matter are fully dynamical. We will not fix a background, but
will keep it dynamical (as opposed to QFT on a fixed background). We will then look at the relation between the
vacuum energy density and the cosmological constant. In certain time gauges where it is difficult to quantize, we will
leave the result at a classical level. This will not change our argument since the form of ρvac as a function of Λ will
carry over to the quantized case, and the fact will still remain true that the result is to be viewed as a calculation for
ρvac for a given value of Λ.
VI. VACUUM ENERGY DENSITY AND THE COSMOLOGICAL CONSTANT
We now look at the relation between energy density and the cosmological constant in three different time gauges.
A. Scalar field time
In the presence of a scalar field, we can construct a clock made out of matter degrees of freedom. One way to do
that is to consider the scalar field itself as time [24],
t = φ. (36)
The ∂aφ terms vanish from the Hamiltonian and the diffeomorphism constraint (∂aφ = ∂at = 0). The time gauge
fixing condition has to be dynamically preserved, which means that,
t˙ = φ˙ = {t,H} = 1, (37)
where,
H =
∫
d3x
[
N
(
HG +Hφ
)
+Na
(
CGa + C
φ
a
)]
(38)
is the full Hamiltonian constraint with the scalar and the diffeo part given by (20) and (21) respectively. Calculating
this Poisson bracket then fixes the lapse function,
{t,H} = {φ,H} = δH
δP˜φ
= N
P˜φ√
q
+Na∂aφ = N
P˜φ√
q
= 1
⇒ N =
√
q
P˜φ
, (39)
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where in the second step we have used ∂aφ = ∂at = 0 and (37). The variable conjugate to our choice of time is P˜φ,
since {φ, P˜φ} = 1, which makes our physical Hamiltonian: Hp = −P˜φ. Solving the Hamiltonian constraint (20) for
P˜φ then gives,
P˜φ = ±
√
pi2 − 2piabpiab + 2q(R− Λ)− qm2t2. (40)
We choose the appropriate sign here (and in future) to keep the physical Hamiltonian (density) positive,
Hp =
√
pi2 − 2piabpiab + 2q(R− Λ)− qm2t2. (41)
We can find the (time) gauge fixed action by using Hp = −P˜φ, HG +Hφ = 0, Cφa = 0 and (37) in the full action
(19)
SGF =
∫
d3xdt
[
piabq˙ab −Hp −NaCGa
]
. (42)
Note that to keep the Hamiltonian (density) real, we must have that,
t2 ≤ 1
m2
[
pi2(x, t)− 2piab(x, t)piab(x, t)
q(x, t)
+ 2(R(x, t)− Λ)
]
. (43)
This equation is to be viewed as an implicitly defined upper bound for time, beyond which the scalar field time gauge
breaks down. Note that it also depends on the spatial point, x. (In the massless limit, m→ 0, this gauge is fine since
the domain of t becomes the whole real line.) Along with this, since we also want to keep time real, we must have
that,
1
2pi
2 − piabpiab
q
+R ≥ Λ. (44)
These are just the conditions in which our time gauge is valid, and tell that, in general, the scalar field time gauge is
not a particularly good choice.17
For a Hamiltonian system with the physical Hamiltonian Hp =
∫
d3x Hp, in a volume V , the energy density is
naturally defined as,
ρ ≡ 1
V
∫
d3x Hp. (45)
For our case, since we have the physical Hamiltonian for the full gravity-matter system, ρ is the energy density for
the fully coupled non-perturbative gravity-matter system. It is not just the matter energy density and is not to be
confused with other energy densities, e.g. ρ appearing in the stress energy tensor of a perfect fluid or ρ appearing in
the Friedmann equations. In general (as we will see below), it is also not the energy density of matter plus the energy
density of gravity. It is the energy density of the full inextricably mixed gravity-matter system, which comes from a
physical Hamiltonian after identifying a time function.
Returning back to scalar field time, the energy density is calculated as,
ρ =
1
V
∫
d3x Hp
=
∫
d3x
√
pi2 − 2piabpiab + 2q(R− Λ)− qm2t2∫
d3x
√
q
. (46)
This shows that the energy density is not linearly proportional to the cosmological constant, rather ρ ∝ √Λ. It also
shows that ρ is explicitly dependent on time and cannot be written as ρmatter + ρgravity. We will see that these
generic features will be true of almost all time gauges.
17 See [25] for a recent study regarding the viability of scalar field as time. Compared to our case, they consider a massless scalar field and
without a cosmological constant.
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B. York time
In this section, we switch off the scalar field for simplicity. A time variable constructed entirely out of gravitational
degrees of freedom is the York time gauge,18[28]
t =
2
3
pi√
q
=
2
3
qabpi
ab
√
q
. (47)
The momentum conjugate to this time variable is, pt =
√
q since {t, pt} =
{
2
3
pi√
q
,
√
q
}
= 1. Therefore, the physical
Hamiltonian (density) is,
Hp = √q. (48)
For our purpose here, to calculate the energy density ρ (as a function of Λ), we don’t need to solve the Hamiltonian
constraint for this physical Hamiltonian in terms of the reduced degrees of freedom since,19
ρ =
1
V
∫
d3x Hp =
∫
d3x
√
q∫
d3x
√
q
= 1. (49)
Restoring units we get,20
ρ =
Λc2
8piG
. (50)
Interestingly, the energy density is independent of (almost) everything! It is clear from (49) that even if we add
any matter in the system, the energy density would still remain constant. It is time independent and is linearly
proportional to Λ due to our choice of units. Note that the vacuum energy density calculated above is exactly the
same as the one calculated from EFEs (2).
C. Dust time
Finally, we consider another matter clock made from a dust field [29]. The dust Hamiltonian is
HD =
√
P˜ 2T + q
abCDa C
D
b , (51)
where,
CDa = −P˜T∂aT, (52)
and (T, P˜T ) are the dust field phase space variables. This is to be added to eq (19) to obtain the full theory. The
corresponding symplectic term is P˜T T˙ . Our choice of time is the level surfaces of dust,
t = T. (53)
The dust diffeomorphism constraint vanishes (∂aT = ∂at = 0) and the physical Hamiltonian (density) becomes,
Hp = 1√
q
(
piabpiab − 1
2
pi2
)
+
√
q(Λ−R)
+
P˜φ
2
2
√
q
+
1
2
√
qqab∂aφ∂bφ+
1
2
√
qm2φ2. (54)
18 This time gauge plays a central role in shape dynamics. See [26, 27].
19 A technique to solve the full Hamiltonian constraint and the diffeomorphism constraint in York time is to consider conformal transfor-
mations of the metric: qab → φ4qab (here, φ is not the scalar field, but the conformal factor) under which the Hamiltonian constraint
becomes the Lichnerowicz-York(LY) equation [27]:
8
∇2φ
φ5
+
piTabpi
ab
T
φ12q
− R
φ4
− 3
8
t2 + Λ = 0.
Here piTab ≡ piab− 13piqab is the traceless part of the gravitational momentum. Once this equation is solved for φ, the physical Hamiltonian
is given as,
H =
∫
d3x
√
qφ6.
20 Since we are in the classical theory, the only parameters we have are G, c and Λ. All dimensions have to be constructed out of these.
For York time (47) to be dimensionally correct (pi has units 1/length and q is dimensionless), we must have that t = 1
cΛ
2
3
pi√
q
.
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Notice that quite remarkably, this physical Hamiltonian (density) is just the old Hamiltonian constraint without the
dust field. In this sense, dust-time seems to be a good time gauge. The physical Hamiltonian (density) is not a square
root and is also not explicitly time dependent.
The gauge fixed action is,
SGF =
∫
d3xdt
[
piabq˙ab + P˜φφ˙−Hp −Na(Dbpiba + Pφ∂aφ)
]
. (55)
The energy density becomes,
ρ =
1∫
d3x
√
q
∫
d3x
[ 1√
q
(
piabpiab − 1
2
pi2
)
+
√
q(Λ−R)
+
P˜φ
2
2
√
q
+
1
2
√
qqab∂aφ∂bφ+
1
2
√
qm2φ2
]
. (56)
It is clear from here that ρ is linear in Λ and is also not explicitly time dependent. Again, this equation is to be
viewed as a calculation for the energy density given a value of Λ.
VII. REDUCTION TO COSMOLOGY
The full theory analysis in the previous section was done classically and we did not quantize due to difficulties with
quantizing full general relativity. In this section, we reduce from full GR to a homogeneous, isotropic cosmology. This
reduction to cosmology provides a concrete instance where we can actually go ahead and perform a full quantization21
(in some time gauges) and explicitly calculate the vacuum energy density in the full (homogeneous) quantum theory.
We will see that the general features of the full theory classical analysis still hold here in the (symmetry-reduced)
quantum theory: the vacuum energy density is, in general, time dependent and a non-linear function of Λ.
In addition to what was done in [1], here we also include a non-zero spatial curvature of the universe, perform a
Fermionic quantization of the physical Hamiltonian for their choice of time gauge, and calculate the vacuum energy
density for other choices of time as well. We see that introducing a positive spatial curvature restricts the domain
of the time function, Fermionic quantization produces (almost) the same result as usual quantization, and there is a
time choice (dust time), in which the energy density is a linear function of Λ, in contrast to the results of [1].
We now reduce to a Friedmann-Robertson-Walker (FRW) universe with the ansatz
qab = a
2(t)hab, pi
ab =
Pa(t)
6a(t)
hab
√
h, (57)
where a(t) is the scale factor, Pa is the momentum canonically conjugate to the scale factor, hab =
1
f2(r)
eab is an
auxiliary metric (which provides the density weight), eab = diag(1, 1, 1) is the flat metric,
f(r) = 1 +
κr2
4
, (58)
and κ is the spatial curvature and can be either 0 (flat), +1 (closed) or -1 (open). (This is the isotropic form of the
FRW line element. See §149 in [31].)
We also assume that the scalar field is homogeneous,22
φ = φ(t) , P˜φ =
√
h Pφ(t). (59)
With this homogeneity ansatz, the diffeomorphism constraint vanishes identically and we are left with, (after
performing the spatial integration)
S = Vp
∫
dt
(
Paa˙+ Pφφ˙−NH
)
, (60)
21 For a pioneering study on quantizing the Friedmann universe with different choices of time, see [30].
22 For the dust field, assuming homogeneity i.e T = T (t), P˜T =
√
h PT (t) means that the dust diffeomorphism contraint vanishes (C
D
a = 0)
and the Hamiltonian reduces to: HD = P˜T .
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with the Hamiltonian constraint,
H =
−P 2a
24a
+ a3
(
Λ− 6κ
a2
)
+
P 2φ
2a3
+
1
2
a3m2φ2, (61)
where Vp =
∫ √
h d3x. We will now fix different time gauges and calculate the vacuum energy density.
A. The volume time gauge
First we choose the time gauge considered in [1]. Here we generalize their result to arbitrary spatial curvature and
also perform a Fermionic quantization of the resultant Hamiltonian.
Time is chosen to be the (spatial) volume of the universe, a very natural choice for us since we are currently living
in an expanding universe and hence the volume constitutes a monotonically increasing function.
t =
∫
d3x
√
q = Vpa
3. (62)
With scale invariant variables defined as: pφ = VpPφ and κ¯ = V
2
3
p κ we get the gauge fixed action,
SGF =
∫
dt
[
pφφ˙−Hp
]
, (63)
Hp =
√√√√8
3
[
Λ− 6κ¯
t2/3
+
p2φ
2t2
+
1
2
m2φ2
]
. (64)
Note that to keep the Hamiltonian hermitian, we must have that
Λ− 6κ¯
t2/3
+
p2φ(t)
2t2
+
1
2
m2φ2(t) ≥ 0, (65)
given that Λ ≥ 0, the above equation is automatically satisfied for κ¯ = 0 and κ¯ < 0, however, for κ¯ > 0, the above
equation is to be viewed as a restriction on time t, beyond which our time gauge breaks down (Note that since pφ
and φ are functions of time, this is an implicitly defined equation for time.)
The energy density can be calculated as,
ρ =
Hp
Vphysical
=
Hp∫
d3x
√
q
=
Hp
Vpa3
=
Hp
t
. (66)
Now that we have the classical Hamiltonian (and energy density), we consider two different ways of quantization:
usual (Schrodinger) quantization; and Fermionic quantization (a’la Dirac).
1. Standard quantization
The Hamiltonian (64) is the square root of a shifted harmonic oscillator. Following [1], this can be readily quantized.
For any operator Aˆ that has a positive spectrum an, the spectrum of the square root of that operator
√
Aˆ is given by√
an. To compute the spectrum for our Hamiltonian, we require that the argument inside the square root be positive.
But that is already required to keep the Hamiltonian hermitian (and real) from (65). The term inside the square root
is,
8
3
[
Λ− 6κ¯
t2/3
+
p2φ
2t2
+
1
2
m2φ2
]
(67)
which is just a time-dependent, shifted harmonic oscillator. For our purpose here, since we are only interested in the
spectrum and not in solving the time-dependent Schrodinger equation, we can treat t as some parameter (like mass)
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in the Hamiltonian. Therefore, the shift above is a constant, and hence if we find the spectrum of the remaining
part, the constant shift can just be added in the spectrum since, given an operator Bˆ with the eigenvalues EB , the
eigenvalues of another operator Bˆ +CIˆ (where C is a constant and Iˆ is the identity operator), are just EB +C. The
remaining part looks like a harmonic oscillator. Recall that for a simple harmonic oscillator like,
HSHO =
P 2
2m¯
+
1
2
m¯ω2x2, (68)
the energy spectrum is given as,
ESHO =
(
n+
1
2
)
ω. (69)
where n = 0, 1, 2, ... Comparing with our Hamiltonian here, if we set m¯ = t2 and ω = m/t, we get the spectrum as,
E =
(
n+
1
2
)m
t
. (70)
We can now combine all of the above results to get the spectrum for the full square root Hamiltonian (64),
En =
√√√√8
3
[
Λ− 6κ¯
t2/3
+
(
n+
1
2
)
m
t
]
. (71)
Finally, we can calculate the energy density, which is just (recalling that volume = t),
ρn =
En
t
=
1
t
√√√√8
3
[
Λ− 6κ¯
t2/3
+
(
n+
1
2
)
m
t
]
. (72)
Naturally for the vacuum, we choose n = 0, which gives,
ρ =
1
t
√√√√8
3
[
Λ− 6κ¯
t2/3
+
m
2t
]
. (73)
This equation is to be viewed as a calculation for the value of the vacuum energy density (of the full gravity-matter
system) given the observed value of the cosmological constant, hence making it clear that in this framework, there
is no cosmological constant problem. We also note that the vacuum energy density is not linearly proportional to Λ
and is explicitly time dependent.
2. Fermionic quantization
We can also perform a Fermionic quantization a’la Dirac. Consider a massless scalar field with the Hamiltonian
H =
√√√√8
3
(
Λ− 6κ¯
t2/3
+
p2φ
2t2
)
, (74)
and write it as linear in the momentum,23
H = αA+ β
pφ
t
B, (75)
where α =
√√√√8
3
(
Λ− 6κ¯
t2/3
)
, β =
√
8
6
and A and B are some matrices.
23 This trick is not possible for a massive scalar field since the mass term (m2φ2) and the momentum term (p2φ) do not commute.
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Then the condition that the square of this linear Hamiltonian be equal to the square of the original Hamiltonian
leads to A and B being Pauli matrices. We choose the following two:
A = σx =
(
0 1
1 0
)
,
and
B = σz =
(
1 0
0 −1
)
.
The Hamiltonian becomes,
H =
 βt pφ α
α −β
t
pφ
 .
To keep the Hamiltonian hermitian, we must have from the above that α∗ = α which leads to,
Λ ≥ 6κ¯
t2/3
. (76)
We can view the above equation as introducing a lower bound on time t = tc, such that, if tc =
(
6κ¯
Λ
) 3
2
, then the
above equation is automatically satisfied for all t ≥ tc.
Now, we want to find the (instantaneous) eigenstates of this Hamiltonian,24
Ĥ(t)|ψn(t)〉 = En(t)|ψn(t)〉. (77)
The general wavefunction at any time can be written as: |Ψ〉 = ∑n cn(t)|ψn(t)〉, from which we can then calculate
the expectation value of the Hamiltonian,
〈Ĥ〉 = 〈Ψ(t)|Ĥ(t)|Ψ(t)〉〈Ψ(t)|Ψ(t)〉 =
∑
n |cn(t)|2En(t)∑
n |cn(t)|2
. (78)
In the position representation, pφ = −i∂φ, eqn (77) becomes
− iβt ∂φ α
α
iβ
t
∂φ
( ψ1ψ2
)
= En(t)
(
ψ1
ψ2
)
,
with the solutions,
ψ1 = e
ikφ
(
− C1 + C2
)
+ e−ikφ
(
C1 + C2
)
, (79)
and
ψ2 = e
ikφ
[(
−C1 + C2√
8
(
Λ− 6κ¯
t2/3
)
)(
− 2k
t
+
√
3E
)]
+ e−ikφ
[(
C1 + C2√
8
(
Λ− 6κ¯
t2/3
)
)(
2k
t
+
√
3E
)]
, (80)
24 Here, we are only interested in calculating the vacuum energy density. For a detailed treatment of this ‘spinorial’ Hamiltonian (in a
different time gauge) see [32].
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where C1 and C2 are integration constants.
The eigenvalues are,
E(t) = ±
√√√√8
3
(
Λ− 6κ¯
t2/3
+
k2
2t2
)
. (81)
Hence, we get,
〈Ĥ〉 = ±
√√√√8
3
(
Λ− 6κ¯
t2/3
+
k2
2t2
)
, (82)
and the energy density is
〈ρ̂〉 = ±1
t
√√√√8
3
(
Λ− 6κ¯
t2/3
+
k2
2t2
)
. (83)
This turns out to be the same as before (Schrodinger quantization, with a massless scalar field). The only difference
is that now, both positive and negative values are allowed. Once again, ρ ∝ √Λ and is explicitly time dependent.
We now consider three other time gauges within the homogeneous cosmological sector and see how the vacuum
energy density changes.
B. Scale factor time
A geometrical time gauge related to volume time is the scale factor time,
t = V
1
3
p a. (84)
With the definitions pφ = VpPφ and κ¯ = V
2
3
p κ, we get the gauge fixed action:
SGF =
∫
dt
(
pφφ˙−Hp
)
, (85)
Hp = t
2
√
24
[
Λ− 6κ¯
t2
+
p2φ
2t6
+
1
2
m2φ2
]
. (86)
Again, for hermiticity, it is required that
Λ− 6κ¯
t2
+
p2φ
2t6
+
1
2
m2φ2 ≥ 0, (87)
which is viewed as a restriction on t beyond which our time gauge breaks down.
The energy density becomes
ρ =
Hp
Vpa3
=
Hp
t3
=
1
t
√
24
[
Λ− 6κ¯
t2
+
p2φ
2t6
+
1
2
m2φ2
]
, (88)
again, this is a scaled and shifted harmonic oscillator and is readily quantized to give,
ρ =
1
t
√
24
[
Λ− 6κ¯
t2
+
(
n+
1
2
)m
t3
]
. (89)
For vacuum, we choose n = 0,
ρ =
1
t
√
24
[
Λ− 6κ¯
t2
+
m
2t3
]
. (90)
It is clear that this is different from what we had in volume time (73). Once again, we emphasize that the above
equation is a calculation for vacuum energy density given the cosmological constant. We also see that, as before,
ρ ∝ √Λ and is explicitly time dependent.
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C. Scalar field time
Next, we use matter variables to make a clock and consider the scalar field itself as time,
t = φ. (91)
With scale invariant quantities defined as pa = V
2
3
p Pa , a¯ = V
1
3
p a and κ¯ = V
2
3
p κ, the gauge fixed action becomes,
SGF =
∫
dt
[
pa ˙¯a−Hp
]
, (92)
Hp =
√
p2aa¯
2
12
− 2a¯6
(
Λ− 6κ¯
a¯2
)
− a¯6m2t2. (93)
To keep the Hamiltonian hermitian, we must have,
t2 ≤ 1
m2
(
p2a
12a¯4
+
12κ¯
a¯2
− 2Λ
)
. (94)
Also, since t ∈ R, we must have that,
Λ ≤ 1
a¯4
(
p2a
24
+ 6κ¯
)
. (95)
These conditions once again reflect the limited validity of the scalar field time gauge. The energy density then becomes,
ρ =
Hp
Vpa3
=
Hp
a¯3
=
√
p2a
12a¯4
− 2Λ + 12 κ¯
a¯2
−m2t2. (96)
So far, this is classical. To quantize this theory, we look at our degrees of freedom, which are: (a(t), pa(t)). So
this is a 1-dimensional quantum mechanical system. We could impose the usual representations of these operators:
aˆF (a) ≡ aF (a) and pˆaF (a) ≡ −i∂aF (a) where the functions F (a) lie in some suitably constructed Hilbert space (to
make sense of inner products, some sort of a measure has to be defined on the space of all a’s). Looking at the form
of the physical Hamiltonian, there are two problems here: (i) To construct an operator out of 1a¯ and (ii) Operator
ordering issues in making an operator out of the first term:
p2a
12a¯4
. Here, we will not try to solve these issues,25 but will
state that at a classical level, we have ρ ∝ √Λ and is explicitly time dependent; generic features which are expected
to be carried over to the quantum theory regardless of how the above problems are solved. This is analogous to what
we have seen for our previous choices of time where we were able to quantize and these features remained valid in the
quantum theory.
D. Dust time
Finally, we consider the dust time gauge,
t = T. (97)
We define, pa = V
2
3
p Pa, a¯ = V
1
3
p a, pφ = VpPφ and κ¯ = V
2
3
p κ. The gauge fixed action is then,
SGF =
∫
dt
[
pa ˙¯a+ pφφ˙−Hp
]
, (98)
25 See [24] where the full theory (with a massless scalar field) is quantized in the scalar field time gauge.
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Hp =
−p2a
24a¯
+ a¯3
(
Λ− 6κ¯
a¯2
)
+
p2φ
2a¯3
+
1
2
a¯3m2φ2. (99)
This Hamiltonian is not a square root Hamiltonian and is time-independent. There are no restrictions on the time
parameter or the cosmological constant just to keep the Hamiltonian hermitian, implying that the dust field is a good
choice of time. Comparing this with (61), we see that they are the same, the difference being that this is now a
(non-vanishing) physical Hamiltonian, whereas (61) was the Hamiltonian constraint. This is another feature of using
the dust field as time.
For the quantum theory, we have the same problems here as discussed before in the case of scalar field time; defining
inverse operators and operator ordering issues. Therefore, we will not proceed to quantize this theory, but will look
at the energy density classically,
ρ =
Hp
a¯3
=
−p2a
24a¯4
+ Λ− 6κ¯
a¯2
+
p2φ
2a¯6
+
1
2
m2φ2. (100)
Here, we see that the energy density is not explicitly time dependent and is linearly proportional to Λ. However, there
is still no cosmological constant problem, since the above equation is to be viewed as a calculation for the energy
density given a value of the cosmological constant.
VIII. INHOMOGENEITIES
At this stage, one may ask that the analysis in the previous section is for the homogeneous case, and is restricted
to zero modes. How would it extend to inhomogeneities, and in particular, how does it relate to the understanding of
the conventional cosmological constant problem (that ‘vacuum energy’ is divergent due to infinite/large contributions
coming from an infinite/large number of modes).
The purpose of this section is to look at the effect of inhomogeneities by performing a mode expansion around a
spatially flat FRW background. We note that this is necessarily perturbative, since performing a mode expansion first
requires the notion of a fixed background. This is because modes are defined as eigenfunctions of a Laplacian on a
fixed background. In general, a mode expansion is neither possible (if the background is dynamical i.e gˆ), nor useful
since the resulting momentum space Hamiltonian does not simplify, as we will see below.26
For the first sub-section, we will sketch our arguments heuristically, since our purpose here is not to provide a
detailed treatment of cosmological inhomogeneities, but to see the features of vacuum energy density. In the second
sub-section, we repeat the calculation for the inhomogeneous model considered in [1], but this time in a different time
gauge to see explicitly that vacuum energy density (even in the inhomogeneous sector) does depend on the choice
of time, as one would already have expected from the full theory analysis done in Sec (VI), and that there is no
cosmological constant problem arising from a large number of modes.
A. Cosmological perturbations
Following [34], we expand the full Hamiltonian constraint (20) around a spatially flat FRW background, upto second
order in perturbations. The degrees of freedom X = (qab, pi
ab, φ, Pφ) are split as,
X(t, x) = X0(t) + δX(t, x), (101)
where X0(t) is the homogeneous background value, and δX(t, x) is the perturbation. We will omit all 0’s in the
superscript in background variables for simplicity, with the understanding that any variables not appearing with a δ
in front of them are homogeneous background variables.
26 See also [33] for a discussion on problems with a mode treatment of QFT.
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The Hamiltonian constraint then reads,
H = − P
2
a
24a
+ a3Λ +
P 2φ
2a3
+
1
2
a3m2φ2
+
(
− P
2
a
144a
+
1
2
a3Λ− P
2
φ
4a3
+
1
4
a3m2φ2
)
qabδqab − a3
(
qacqbd − qadqbc
)
∂b∂cδqad − Pa
6a2
qabδpi
ab +
Pφ
a3
δPφ + a
3m2φδφ
+
1
a3
(
qacqbd − 1
2
qabqcd
)
δpiabδpicd +
(δPφ)
2
2a3
+
1
2
a3m2(δφ)2 +
1
2
a3qab∂aδφ∂bδφ+ f(δqab) ≈ 0, (102)
where f(δqab) is some second-order function of the metric perturbation, which does not have a Pa in it (since it comes
from the perturbation of the 3-Ricci scalar R), we will not need its exact form here. We define our theory to be,
S =
∫
d3xdt[Paa˙+ δpi
abδ˙qab + Pφφ˙+ δPφ
˙δφ−NH−NaCa], (103)
with (a, Pa) and (φ, Pφ) the homogeneous canonically conjugate variables, and (δqab, δpi
ab) and (δφ, δPφ) the inho-
mogeneous canonically conjugate variables. Here Ca is the diffeomorphism constraint expanded upto second order in
perturbations whose exact form will not concern us here.
There are two ways to proceed from here, first is to fix a time gauge first, and then do a mode expansion, second
is to first do a mode expansion, and then fix the time gauge. We look at both of these separately.
1. Gauge fixing before mode expansion
We fix the scale factor time gauge t = a (ignoring factors of V0 for simplicity). Then, solving the Hamiltonian
constraint (102) for its conjugate momentum Pa gives the physical Hamiltonian density as,
Hp =
− 12t qabδpiab ±
√
( 12t qabδpi
ab)2 + (6 + qabδqab)(144t g(t, φ, Pφ, δqab, δpiab, δφ, δPφ))
(6 + qabδqab)
, (104)
where,
g(t, φ,Pφ, δqab, δpi
ab, δφ, δPφ) = t
3Λ +
P 2φ
2t3
+
1
2
t3m2φ2
+
(
1
2
t3Λ− P
2
φ
4t3
+
1
4
t3m2φ2
)
qabδqab − t3
(
qacqbd − qadqbc
)
∂b∂cδqad +
Pφ
t3
δPφ + t
3m2φδφ
+
1
t3
(
qacqbd − 1
2
qabqcd
)
δpiabδpicd +
(δPφ)
2
2t3
+
1
2
t3m2(δφ)2 +
1
2
t3qab∂aδφ∂bδφ+ f(δqab), (105)
and the physical Hamiltonian is given as,
Hp =
∫
d3xHp. (106)
The inhomogeneous degrees of freedom δX are expanded into modes as,
δX(t, x) =
∫
d3k
(2pi)3
δXk(t)e
ik.x. (107)
It is clear from the square root form of the physical Hamiltonian, that the mode expansion will result in something
like (heuristically),
Hp =
∫
d3x
√∫ ∫
d3k
(2pi)3
d3k′
(2pi)3
δXk(t)δXk′(t)ei(k+k
′).x + ..., (108)
and since
∫
d3x is sitting outside the square root, it is not possible to carry out the x integration to get the usual
result. Hence a mode expansion is not very useful in this situation, since it is not clear how to proceed to a quantum
theory from here. We will not consider this case further.
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2. Gauge fixing after mode expansion
The other possibility is to carry out a mode expansion first, and then gauge fix. In this case, the Hamiltonian
(before gauge-fixing) is,
H =
∫
d3x(N(t, x)H+Na(t, x)Ca), (109)
where H is given as in (102). Since this is not a square root, the x integration can be carried out. The usual way to
proceed from here is to make the gauge choices that N(t, x) = 1 and Na(t, x) = 0 (e.g in [34]). It is important to note
that without these simplifying assumptions, the x integration cannot be carried out here as well due to the arbitrary
functions of x sitting in the Hamiltonian (which would result in a convolution, instead of the usual delta function).
Moreover, since we are interested in fixing a time-gauge later on, we have to check if the above choices for the lapse
and shift are consistent. This is because fixing a time gauge restricts the allowed lapse functions (similarly, choosing
a spatial gauge would fix the shift).
Looking ahead, we want to fix the scale factor gauge t = a, so we check first what possibilities of lapse are allowed.
Since the gauge fixing condition has to be dynamically preserved, we must have that,
t˙ = {t,H} =
{
a,
∫
d3x(N(t, x)H+Na(t, x)Ca)
}
= 1. (110)
Calculating this Poisson bracket and using the explicit form of H from (102), we get,∫
d3x
[
N(t, x)
(
− Pa
12a
− Pa
72a
qabδqab − 1
6a2
qabδpi
ab
)
+Na(t, x)
δCa
δPa
]
= 1. (111)
Since we used the homogeneous variable a to fix the time gauge, the above equation is a global equation for N(t, x)
and Na(t, x). Also, since we are not fixing a spatial gauge here, we can set Na(t, x) = 0 for simplicity (Although in
the case of a full gauge fixing, one has to be careful whether this choice is consistent or not with the chosen gauge).
Since our purpose is to be able to carry out the x integration after the mode expansion, we require the lapse to be
independent of x. Given that we have a global equation for N(t, x), this is a consistent choice (although it is certainly
not the full solution). Defining,
F (t) =
∫
d3x
(
− Pa
12a
− Pa
72a
qabδqab − 1
6a2
qabδpi
ab
)
, (112)
we get the solution,
N(t) =
1
F (t)
, (113)
given that F (t) is nowhere zero. Note that this is not necessarily equal to one, and hence making the choice N = 1
at the beginning would have been inconsistent for this scale factor time gauge.
We can now perform the mode expansion (107) for all the inhomogeneous degrees of freedom and plug that into the
full Hamiltonian constraint (102). Again, we will not do the detailed calculation here, but the resultant Hamiltonian
constraint after using (113), Na(t, x) = 0, and carrying out the integration over x will look something like,
Hk(Λ; a, Pa, φ, Pφ, δqab, δpi
ab, δφ, δPφ) = N(t)
[
V0(homogeneous degrees) +
∫
d3k (δXk + ...)
]
≈ 0. (114)
Once we fix the time gauge t = a, and solve the above for its conjugate momentum Pa to get the physical
Hamiltonian, it will be: (a) time dependent, since the Hamiltonian constraint above has a’s in it which will be
replaced by t, (b) a square root, since Pa appears quadratically in the Hamiltonian as can easily be seen from (102),
and (c) proportional to
√
Λ as can also be seen from (102), since the Λ terms do not have a Pa in front of them.
Once we get this (highly complicated) physical Hamiltonian, the modes can be quantized, and vacuum energy density
can be calculated explicitly. It is clear that none of the features mentioned above will change due to quantization.
We now turn to a model where we can explicitly calculate the vacuum energy density.
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B. A toy model
We now repeat the inhomogeneous mode calculation done in [1], but in the scale factor time gauge (as opposed to
volume time).
Our starting point is the full scalar field Hamiltonian given in (20) evaluated on a spatially flat FRW background,
Hφ =
P 2φ
2a3
+
1
2
a3m2φ2 +
1
2
aeab∂aφ∂bφ (115)
where eab is the flat metric. The scalar field and its conjugate momentum are decomposed in modes as,
φ(x, t) =
∫
d3k
(2pi)3
φk(t)e
ik.x,
Pφ(x, t) =
∫
d3k
(2pi)3
Pk(t)e
ik.x. (116)
The scalar field Hamiltonian then becomes,
Hφ =
∫
d3k
(2pi)3
1
2
(
P 2k
a3
+ a3m2φ2k + a|k|2φ2k
)
. (117)
We now define our theory, with the variables (a, Pa) and (φk, Pk) to be,
S = V0
∫
dt
(
Paa˙+
∫
d3k
(2pi)3
[
Pkφ˙k −NH
])
, (118)
where,
H = − P
2
a
24a
+ a3Λ +Hφ, (119)
is the Hamiltonian constraint.
Now, we fix the scale factor time gauge, t = V
1/3
0 a. Solving the Hamiltonian constraint for its conjugate momentum,
and defining scale invariant field momentum pk = V0Pk and scale invariant wave vector k¯ = V
1/3
0 k, we get the physical
Hamiltonian,
Hp =
√
24t2
√√√√Λ + ∫ d3k
(2pi)3
[
p2k
2t6
+
1
2
(
|k¯|2
t2
+m2
)
φ2k
]
. (120)
This can be quantized to get the Energy eigenvalues,
En =
√
24t2
√
Λ +
∫
d3k
(2pi)3
(
n+
1
2
)
ωk(t), (121)
where,
ωk(t) =
1
t3
√
|k¯|2
t2
+m2. (122)
For vacuum energy, we choose n = 0, and to simplify further, we set m = 0. The k integral is done upto some high
energy cutoff K¯. We finally get the vacuum energy density,
ρvac =
E0
t3
=
1
t
√√√√24(Λ + K¯4
16pi2t4
)
. (123)
We can clearly see from this that the vacuum energy density is a non-linear function of Λ, is explicitly time dependent
and the contribution from the scalar field modes is suppressed at late times (large Universe), leaving the Λ term to
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be dominant.27 We can compare this result to the vacuum energy density obtained in a different time gauge (volume
time) in [1] (re-arranging their Eq. 39),
ρvac =
1
t
√√√√8
3
(
Λ +
K¯4
16pi2t4/3
)
. (124)
We can see that these two are not the same, hence making it clear that vacuum energy density depends on the
choice of a global time function. This is not surprising since this is just a manifestation of the problem of time.
Currently, there is no experimental measure of these vacuum energy densities of the gravity-matter system, meaning
that the differences in their values can also be viewed as predictions for different choices of time functions, ultimately
to be decided by experiment.
Now that we have shown how the cosmological constant problem does not arise in an inhomogeneous gravity-matter
setting, we turn our attention to asking another important question: what happens in the low energy regime? That
is, for local experiments (carried out in some ‘small’ space and time intervals), we know that quantum field theory
on a flat background works remarkably well. So can we reduce from our fully non-perturbative theory down to QFT
on a flat background under some appropriate conditions? And if so, how is the cosmological constant problem to be
understood in that context? We turn to this in the next section.
IX. REDUCTION TO QUANTUM MECHANICS ON FLAT SPACE
In this section, we show a way to obtain the usual homogeneous scalar field Hamiltonian on a flat background
starting from the FRW theory classically.28,29 We assume that the spatial curvature is zero (κ = 0) for simplicity.
Our purpose here will be to expand the physical Hamiltonian obtained from (61) in the volume time gauge under
suitable conditions. Once we have that expansion, we will see that it turns out to be the usual homogeneous scalar
field Hamiltonian on a flat background.
To this end, we start with the Hamiltonian constraint (61) and reintroduce Planck units,
H =
−P 2a
24aM2P
+ a3ΛM2P +
P 2φ
2a3
+
1
2
a3m2φ2, (125)
with the action,
S = V0
∫
dt[Paa˙+ Pφφ˙−NH], (126)
where V0 =
∫
d3x is the volume of space.
We now fix the volume time gauge ( t
tP
)
l3Λ = V0a
3, (127)
here lΛ =
1√
Λ
∼ 1060lP is the natural length scale defined by Λ.30 It is introduced here for dimensional reasons. We
have also assumed that we are measuring time in Planck units (tP ). We also define a dimensionless time as t¯ =
t
tP
.
The momentum conjugate to this choice of time will be our physical Hamiltonian density and is given as,
Hp = − Pa
3a2
(
l3Λ
V0tP
)
, (128)
it can be seen that {t,−Hp} = 1.
27 Although it doesn’t really matter if it is suppressed at late times or not since there is no experimental measure of this vacuum energy
density of the full gravity-matter system. It is to be viewed as a calculation (or prediction) for a given value of Λ, cutoff scale K¯ and
time t.
28 I am thankful to Dr. Viqar Husain for suggesting this idea and its interpretation.
29 See also [35] for a similar idea, but in a different time gauge, and in the full non-homogeneous quantum theory.
30 Interestingly, its numerical value is of the same order of magnitude as the diameter of the observed Universe.
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FIG. 2. log(ρφ) and log(Λ) vs time t¯. It can be seen that at late times, ρφ  Λ.
We now solve (125) for this Hamiltonian which gives (after defining the scale invariant momentum pφ = V0Pφ),
Hp =
l3Λ
V0
MP
tP
√
8
3
√
ΛM2P + ρφ, (129)
where,
ρφ =
p2φ
2t¯2l6Λ
+
1
2
m2φ2, (130)
and the gauge fixed action is,
SGF =
∫
dt[pφφ˙− H¯p], (131)
where H¯p = V0Hp is the physical Hamiltonian (not the density).
We now come to the crucial step for reduction to quantum mechanics on flat space. We expand the above square
root Hamiltonian (129) in the late time regime (t¯→∞) under the assumption that,
ρφ  ΛM2P . (132)
The current physical volume of the universe (V0a
3) is observed to be around 10184l3P , where lP is the Planck length.
Therefore the current time as defined above in (127) is t¯now ∼ 103. Hence, the first term in ρφ is naturally suppressed
at late times. This restricts the other term to be,
mφ
√
ΛMP ∼ 10−61M2P , (133)
which is quite small (as compared to the Planck scale, i.e mφ ∼M2P ), but is required for this expansion. Furthermore,
we numerically solved the (classical) equations of motion arising from the Hamiltonian (129), with parameter values
and initial data consistent with the above requirements. Figure 2 shows the logarithm of Λ and the logarithm of ρφ
versus the dimensionless time t¯ for the values Λ = 10−122M2P ,m = 10
−60MP , lΛ = 1060lP , φ(0) = 1MP , pφ(0)MP =
10−4. It is clear from that graph that at late times the condition (132) is satisfied. It is also satisfied for other initial
data as long as condition (133) is met (the mass of the scalar field has to be really small as compared to the Planck
mass). Hence we can carry out the expansion.
The expanded Hamiltonian (to leading order) becomes,
H =
l3Λ
tP
√
2
3Λ
[
p2φ
2t¯2l6Λ
+
1
2
m2φ2
]
+ Λ˜, (134)
27
here, we have defined Λ˜ =
l3ΛM
2
P
tP
√
8Λ
3
which is just a constant shift. Note that since we obtained this reduced
Hamiltonian starting from a gravity-matter theory, we can no longer add gravity back to it again. Hence, the
constant Λ˜ can be ignored consistently since it leaves the matter equations of motion invariant and there is no gravity
which sees this constant. The shift symmetry problem (as described in Sec II A) and the usual cosmological constant
problem does not arise here. (To properly include gravity, we have to go back to the (unreduced) non-perturbative
gravity-matter theory.)
Now, consider a canonical transformation to new variables,
p˜φ =
√
1
(lΛL˜)3
1
tP
√
2
3Λ
pφ
t¯
, (135)
φ˜ =
√√√√( lΛ
L˜
)3
tP
√
3Λ
2
t¯φ, (136)
where L˜ is an arbitrary length scale. Under this transformation, the Lagrangian becomes,
pφφ˙−H(φ, pφ, t¯) = L˜3p˜φ ˙˜φ− H˜(φ˜, p˜φ, t¯), (137)
H˜(φ˜, p˜φ, t¯) = L˜
3
(
p˜φ
2
2
+
1
2
m˜2φ˜2 +
φ˜p˜φ
tP t¯
)
,
where,
m˜ =
√
2
3Λt2P
m
t¯
. (138)
The last term in the Hamiltonian above can be ignored at late times (t¯ → ∞), hence it becomes the usual scalar
field Hamiltonian for the ‘dressed’ scalar field φ˜. The action for this ‘dressed’ field becomes,
S[φ˜] = L˜3
∫
dt
(
p˜φ
˙˜
φ− H˜
L˜3
)
, (139)
which can now be quantized via standard methods. Hence, we have reduced down from the full gravity-matter theory
to quantum mechanics on a flat background.
To find a value for L˜ (the box within which this reduced theory is valid), let us consider (132) and (133) and re-write
them in terms of these new variables to see what restrictions they have to satisfy. Eq. (132) becomes,
ρ˜φ 
√
2Λ
3
(
lΛ
L˜
)3
M2P
tP
, (140)
where,
ρ˜φ =
p˜φ
2
2
+
1
2
m˜2φ˜2. (141)
Plugging in the current value of Λ (3) and lΛ gives,
ρ˜φ 
(
3× 1040lP
L˜
)3
M4P . (142)
We have a choice here: where do we want to impose the cutoff? The smaller the cutoff, the larger the size of the box
within which our reduced theory is valid. Assuming that this rescaled scalar field energy density ρ˜φ is much smaller
than the Planck scale,
ρ˜φ M4P , (143)
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leads to a value for L˜:
L˜ ∼ 500 km, (144)
which is 60 times larger than the LHC diameter. Obviously we could also assume cutoff scales much lower than the
Planck scale for which this number would increase.31
The other equation (133) becomes,
m˜φ˜
√√√√M2P
tP
√
2Λ
3
(
lΛ
L˜
)3
. (145)
Plugging in the above value for L˜ then gives
m˜φ˜M2P , (146)
which is quite reasonable as compared to (133).
Another interesting thing to note is that the rescaling (138) makes the low energy mass (m˜) time dependent. By
similar arguments, any coupling constant would become time dependent through this procedure of reduction. We
hope to report more on this in the future [37].
To summarize, we started with a fundamental ‘high-energy’ theory with scalar field φ, its momentum Pφ, and mass
m. The restrictions (132) and (133), were on the original fundamental degrees of freedom. Once we went through
the process of reduction, we found that our theory became that of a usual scalar field, but now for a different field
φ˜ (dressed in terms of the original field φ). Now, if we quantize this reduced theory, and say that it is the usual
quantum mechanics of a scalar field that we observe, then we must make the identification that this new dressed field
φ˜ is actually the field that we observe (in this reduction regime, not at all times). And that its mass is given by (138),
which changes with time. Therefore, the new restrictions (143) and (146), are on the field φ˜ that we see today, and
in comparison to the restrictions on the old field φ, these encompass a larger range of acceptable values (for instance
the energy density of the dressed scalar field φ˜ can be on the TeV scale, or even beyond). Therefore, we recover usual
quantum mechanics of a scalar field, within an acceptable range of validity.
X. CONCLUSIONS
In this section, we list the main conclusions of this work, followed by a summary and discussion in the next section.
1. The vacuum in a fully non-perturbative quantum theory of gravity and matter is the vacuum of the full system
defined as the ground state of the physical Hamiltonian, and depends on the choice of a time function.
2. In general, it is not possible to define a ‘matter-vacuum’, and hence the question: ‘Does matter-vacuum gravi-
tate?’ cannot be framed.
3. In the full theory, at a classical level, the functional form of energy density depends on the chosen time-gauge,
and in general, is time dependent and a non-linear (usually square root) function of the cosmological constant.
This is to be viewed as a calculation for the energy density, given some observed value of the cosmological
constant.
4. There are two special choices of time for which the energy density is linearly proportional to Λ (in contrast to
the results of [1]): Dust time, and York time. In York time, it is in fact a spacetime constant.
5. A full quantization is possible (in some time gauges) after a symmetry reduction to cosmology. The vacuum
energy density turns out to be time-dependent and proportional to
√
Λ. Again, this vacuum energy density is
a calculation for a given observed value of Λ. Moreover, within the cosmological sector, introducing a non-zero
spatial curvature leads to a restricted domain for the time function, and performing a Fermionic quantization
leads to (almost) the same vacuum energy density as usual Schrodinger quantization.
31 The highest energy particle observed had an energy of 3× 1011GeV [36], 8 orders of magnitude lower than the Planck scale. Assuming
this cutoff would give L˜ ∼ 2× 105 km ∼ 1/2 Earth-Moon distance.
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6. Within a full gravity-matter formalism, a mode expansion is not possible on a dynamical quantum background,
and not very useful on a general fixed background due to the Hamiltonian being a square root. In an FRW
based toy model where it can be explicitly performed, the cosmological constant problem does not arise since
the vacuum energy density is a function of the high energy cutoff, and some observed value of the cosmological
constant. Furthermore, it depends on the chosen time-gauge, is explicitly time-dependent, and is suppressed at
late times (large Universe).
7. There is a way to reduce to quantum mechanics on flat space from the full gravity matter theory in the volume
time gauge.
XI. SUMMARY AND DISCUSSION
The cosmological constant problem as currently understood, comes from a very poor mismatch between theoretical
predictions of fixed background QFT and experimental observations of General Relativity. Starting with a fixed
background theory and subsequently incorporating gravitational effects is not a sensible thing to do. All of the
quantum versions of the problem stated in Sec II are arguments coming from QFT on a fixed (usually flat) background.
In this paper, we analyzed the problem in a non perturbative framework. We have shown that this problem has to
be approached non-perturbatively in a fully dynamical theory containing both gravity and matter.
First and foremost, within a fully non-perturbative quantum theory of gravity and matter, a notion of time is needed
to define what a vacuum is. The understanding of vacuum as the ground state of some Hamiltonian first requires
the existence of that Hamiltonian. But in a constrained theory (such as GR), the Hamiltonian vanishes (this is the
problem of time), and hence (as shown in Sec IV) a natural vacuum state cannot be defined. One way to proceed
(as done in this paper) is to identify a time function on the classical phase space, and then solve (strongly) the
Hamiltonian constraint for the variable conjugate to this choice of time, to get a non-vanishing physical Hamiltonian.
As we saw above, this depends on the choice of time function, and hence, the ground state, or vacuum of this physical
Hamiltonian will depend on the choice of time.
Once we have this physical Hamiltonian and its ground state, vacuum energy density can be calculated by taking
the expectation value of this Hamiltonian in the ground state and then dividing by the physical volume. As we saw
above, this vacuum energy density, in general, turns out to be time dependent, and is a non-linear function of the
cosmological constant. Its exact functional form also depends on the choice of time being made. This vacuum energy
density is understood as a calculation for some observed value of Λ.
The conventional cosmological constant problem arises by assuming that quantum matter in its vacuum state will
backreact on the background geometry. In a non-perturbative framework however, we have a full gravity-matter system
in which both matter and gravity are dynamical, and a matter-vacuum state does not exist in general. Therefore, this
question of backreaction is ill-formulated. What is relevant is the vacuum of the full non-pertubative gravity-matter
system, which as we saw above, is calculated using some value of Λ. Therefore, within this non-perturbative framework,
the cosmological constant problem does not arise. There is no backreaction since we are already considering the full
gravity-matter system. We would like to emphasize that this is a very conventional approach in which we neither
modified General Relativity, nor tampered with quantum theory. We defined vacuum as in usual quantum mechanics
and then calculated the vacuum energy density in the presence of a cosmological constant term.
This raises some questions: (i) What is the meaning of these various vacuum energy densities? (ii) Is there any
relation between them? (iii) Do they have any observational consequences? and, (iv) Do they give some criteria to
judge which time choice is a good one?
Firstly, these vacuum energy densities are not to be confused with the energy densities appearing in the Friedmann
equations, these are different. These are the vacuum energy densities of the fully non-perturbative gravity-matter
system. They are to be thought of as the proper variables of interest with regards to the cosmological constant
problem. Furthermore, each of these vacuum energy densities is with respect to some physical clock (some phase
space variable), and hence constitutes a well-defined, gauge-invariant calculation: what is the value of vacuum energy
density when a chosen phase space variable (eg scalar field, dust field, spatial volume, etc), which is identified as time,
takes a particular value. It is expected that the answer would depend, in general, on what phase space variable is
chosen as time, and this was explicitly demonstrated here.
Secondly, it is not clear if there is a relation between them (that could transform one to the other), or if they are
fundamentally distinct. This issue is directly related to the problem of time, and we have not solved the problem of
time here. It is the same question as: which of all the different Hamiltonians is the ‘true’ Hamiltonian? This cannot
be answered until the problem of time is solved. Some possible avenues of exploration (which lie beyond the scope
of this paper) are to consider the quantum theories with different choices of time (i.e with different Hamiltonians)
and see if: (a) They reproduce QFT on a flat spacetime in some appropriate limit, and hence reproduce all known
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observations (a hint of this was provided in Sec (IX). See also [35] for an answer to this in the full quantum theory).
(b) They predict the emergence of an FRW universe at ‘late times’ and (c) They predict some new phenomenon or
behavior that could be experimentally detected.
We would also like to mention, that within the covariant formalism as well, energy density is observer dependent.
An observer with a four velocity uµ, sees an energy density ρ = Tµνu
µuν , whereas a different observer with a different
four velocity w˜µ sees, in general a different energy density ρ˜ = Tµνw˜
µw˜ν 6= ρ. The various time slicings performed
here can also be thought of as different observers traveling on different worldlines.
Thirdly, currently there is no experimental measure of these vacuum energy densities of the full gravity-matter
system. What is experimentally observed is the value of the cosmological constant, obtained after a fit to the FRW
universe. Therefore, at this stage, until a method is developed to measure these quantities experimentally, they can
be thought of as calculations or predictions for different choices of time, given an experimentally observed value of
Λ. In case it turns out that this quantity can not be measured experimentally, then methods (a-c) listed above (and
possibly more) would be used to decide which Hamiltonian, and hence which energy density is the “right” one, and
then it will remain a calculation, again based on some observed value of Λ.
Finally, the calculation of energy densities with various choices of time shows how its functional form changes by
changing the time gauge, and makes it clear that they can be drastically different from one time choice to another.
Moreover, it also gives an indication of which time choices are better than others. This is because we want the
resultant physical Hamiltonian to be real. Introducing this constraint then restricts the domain of the time function.
Ideally we want our time function to be a globally valid choice. In this context then, dust time is a good choice since
it introduces no constraints on the time variable just to keep the Hamiltonian real.
Given our current situation in an expanding universe, the choice of using volume of the universe as a clock seems
very natural. We found that with this choice of time, there is a way to reduce from the non-perturbative gravity
matter theory to quantum mechanics on a flat background. Starting classically in the volume time gauge along with
some assumptions leads to the recovery of the usual homogeneous scalar field Hamiltonian (in a box) which can then
be quantized via standard methods. This reduction suggests that volume time is also a good time choice.
Some of the questions that still remain unanswered in this framework are: (i) What is a good time? In our current
context, it looks like volume time is very reasonable. Dust time, in which the Hamiltonian is not a square root is
also a good candidate. (ii) Related to the first one is the general issue of the problem of time in quantum gravity.
Choosing a different time function leads to a physically different Hamiltonian and hence a different quantum theory.
Is there a natural choice? (iii) Is there a general method to reduce to flat space QFT starting from a non-perturbative
theory? (iv) Why is Λ what it is? In our framework, we did not answer the naturalness issue relating to Λ. We left
it to be determined by observations, as parameters in a theory usually are.
This approach (developed in [1] and extended here) provides a look beyond flat space QFT arguments. The relation
between vacuum energy density and the cosmological constant is defined consistently only in a holistic approach, one
where both gravity and matter are present along with a choice of time and a physical Hamiltonian. Within this
framework then, there is no cosmological constant problem.
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